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INTRODUCTION 
A major unresolved problem of the ultrasonic testing of adhesive bonds concerns the 
relation between quantities measured by ultrasonic methods and the actual ultimate strength of 
the bond. In this paper it is postulated that adhesive failure is preceded by nonlinear behavior 
which can be represented by a simple relation between tractions and gross displacement 
increments across the adhesive layer. The effects of this nonlinear behavior on various wave 
phenomena, including reflection for normal incidence, interface waves, and antiplane 
transverse wave have been investigated. The overall objective is to obtain information when 
the adhesive is pulled in the nonlinear range, either by the wave system itself or by the 
application of a large static deformation on which the ultrasonic wave motion has been 
superimposed. The nonlinear parameters which can be extracted from the ultrasonic data, in 
principle allow an extrapolation to the point of adhesive failure. For a detailed discussion of 
adhesive failure and other failure mechanisms in adhesives, we refer to Ref. [ l]. 
NONLINEAR BEHAVIOR OF TIIE ADHESIVE BOND 
It is generally assumed that adhesive failure takes place in a very thin boundary layer at 
the interface of the adhesive and the adherend. For an adhesive layer of a typical thickness of 
100 1.1.m, the thickness of the boundary layers of adhesive failure may be estimated as 10 1.1.m 
each. Since the dominant wavelength of a pulse of ultrasonic wave motion can be chosen 
sufficiently larger than 100 1.1.m, it may be assumed that the stresses and strains in the adhesive 
layer are homogeneous. In addition, even though this is not strictly necessary, the inertia of 
the adhesive layer may be ignored. The mechanical behavior of the adhesive can then 
effectively be modeled by one-dimensional elements (non-linear springs) which relate the 
tractions on the faces of the adherends to the displacement discontinuities across the thickness 
of the adhesive. 
For deformation in pure shear, the components of the displacement discontinuity 
across the adhesive are denoted by ~. where 
see Fig.1. To account for the separate contributions from the boundary layers, we write 
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Fig. 1. Pulse of transverse wave motion incident on adhesive bond. 
where 2ABL are the contributions from the boundary layers and AIL is the contribution from 
the interior of the adhesive layer. If in first approximation the inertia of the adhesive layer is 
neglected, the stress component, cryx' is uniform through the thickness of the adhesive, and 
we have 
(3) 
We may then assume general relations between ABL and cr;x and AIL and cr;x of the forms: 
ABL = G(cr;x) and AIL= F(cr:x) 
It follows that 
(4a,\:>) 
(5) 
Both functions G(cr;x) and F(cr;x) may be nonlinear. It is, however, assumed that the 
mechanical behavior of the bulk adhesive is known, i.e., F( cr;x) is a known function. 
Now, let us assume that Eq. (5) can be inverted, to yield 
(6) 
The general behavior of Q(A) is shown in Fig. 2. Clearly there is a critical value of A beyond 
which the required stress decreases with increasing A. Since we are interested in investigating 
adhesive failure, it is assumed that the point of horizontal slope is related to the function 
G( a;). For cohesive failure the point of zero slope would be related to the function F( cr;x). 
In a previous paper, see Ref. [2], the reflection and transmission of transverse waves 
by an adhesive bond defined by Eqs. (1), (3) and (6) has been investigated for the geometrical 
configuration shown in Fig. 1. We will briefly summarize the results. The incident wave is 
of the form 
(7) 
Here f(t), where f(t) = 0 for t ~ 0 defines the waveform. The solids, y ~ 0 and y ~ 0, are 
defined by JJ.2, c2 and Jlp cl' respectively, where Jl defines the shear modulus and c is the 
velocity of transverse waves. The reflected and transmitted displacement pulses are 
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As shown in Ref. [2] the functions h(t) and g(t) may be written as 
h(t) = m [2f(t) + Mt)] (9) 
(10) 
where 
(11) 
The most convenient expression for O'~x is 
0 ~1 • 0' (t) = - -~ h(t) yx c1 (12) 
In Ref. [2], curves were presented which display h(t), g(t) and t1(t), for a given form of f(t). 
The problem of interest, of course is the determination of the relation between a 0 (t) 
and Mt) from ultrasonic data. Note that timet is just a parameter. If for a specific time t;~he 
quantities t1 and 0' 0 can be calculated, then these quantities can be plotted on a horizontal and 
a vertical axis, r/;pectively, to yield the relation stated in Eq. (6) in graphical form. In 
principle this can be done from the measurement of the reflected ultrasonic wave. When g(t) 
is known (as measured), then t1(t) can be obtained from Eq. (10), and h(t) follows from Eq. 
(9). Numerical differentiation subsequently yields O'~x(t) by the use of Eq. (12). Once the 
curve relating O'~x and t1 has been determined, presumably in graphical form, it should be 
interpreted as a relation for t1 in terms of O'~x . The known relation F(cr~x) must then be 
substracted and the result divided by 2, to yield the desired curve which relates 0' 0 and t1BL. yx 
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The procedure discussed above is illustrated in Figs. 2 and 3. Figure 3 shows curves 
for f(t), h(t) and g(t), which were computed according to the method discussed in detail in 
Ref. [2]. The results for g(t), were subsequently used as synthetic data for the procedure 
discussed above. The computed points have been compared with the original curve for cr 0 
A • F. 2 yx versus " m 1g. . 
The results presented so far show that in principle the overall nonlinear behavior of the 
adhesive layer can be obtained from reflection data. In order that the test will remain 
nondestructive, the point of adhesive failure defined by dcr/M = 0 can not be approached too 
closely, and the actual point of failure should be determined by extrapolation with an 
appropriately fitted curve. 
SUPERIMPOSED SMALL DEFORMATIONS 
As an alternative to the complete nonlinear analysis summarized in the previous 
Section, it is of interest to consider the case that the adhesive layer is prestressed in the 
nonlinear range, and a small ultrasonic disturbance is superimposed. The resulting problem 
statement is a linear one, but with parameters that depend on the state of prestress. The actual 
prestressing might be achieved by static loading or by a low-frequency dynamic excitation. 
Let us consider a pre-stress ( cr 0) 1' which puts the adhesive in the nonlinear range 
according to Eq. (6), and let the corres~onding displacement discontinuity be denoted by 111, 
now let us consider a small increment of ~1 , such that 
!1. = ~1 + ~ , where ~ I ~ 1 <<: 1 (13) 
If the stress corresponding to~ is cr:x• where 
(14) 
then, taking first-order expansions, it follows from Eq. (6) that 
where (15a,b) 
Equation ( 15a) is a linear relation between increments of stress and displacement dicontinuity. 
The constant S1 defined by Eq. (15b) is perhaps easier to determine since it is part of a 
linear formulation which allows the use of harmonic waves in conjunction with Fourier 
analysis. In the sequel two possible ways of determining S1 are discussed, but first we will 
indicate the calculation of dcr 0/d~BL' since the failure point is the one for which this 
derivative vanishes. By differ~ntiation of Eq. (5) with respect to~. the following relation is 
obtained: 
__s!Q_ = [1 -~ s1] f 2S1 dcr 0 dcr 0 yx yx (16) 
By the use of the relation ~BL = G( cr 0x), the derivative on the left-hand side of Eq. (16) can be 
eliminated to yield Y 
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(17) 
In this equation the term dF/dO':x is assumed to be known from the bulk behavior of the 
adhesive, while it is assumed that Sl' which depends on the prestress (0'~)1' can be measured 
as discussed in the sequel. Hence do 0/MBL can, in principle, be determined Of particular 
interest is the point of zero slope. :rolaturally, this point cannot be obtained directly, but if a 
sufficient number of points in the nonlinear range have been determined, the zero point can be 
obtained by extrapolation. It is important to note that by the ultrasonic method which is 
postulated in this Section, do:/d~BL can be determined for a prescribed service load. By 
varying the service load, the load at which do:xfMBL reaches the critical zero .value can be 
estimated. Hence, strength information is actually being obtained directly from an NDE test 
without further calculations. 
Fig. 4. 
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Deformation shapes of adhesive layer for symmetric and antisymmetric interface 
waves. 
Interface Waves 
Interface waves propagate along an interface with an amplitude which decays 
exponentially with distance from the interface. For a perfect interface, i.e., for continuity of 
displacements and tractions, the interface waves are known as Stoneley waves. In this 
Section we will investigate the effect of linear relations between tractions and displacement 
discontinuities on the phase velocity of interface waves. Since the problem is two dimensional 
we must consider relations of the form 
(18a,b) 
- -
where ~v and ~u are the displacement discontinuities corresponding to the superimposed 
waves in they and x-direction, respectively. It should be noted that Eq. (18b) is completely 
equivalent to Eq. (15a), but with a change of notation for the displacement discontinuity. 
The equation governing the propagation of interface waves can be derived in a 
straightforward manner. Following the usual approach for Rayleigh surface waves, 
elastodynamic surface wave solutions are selected in terms of two arbitrary constants. The 
two conditions (18a,b) subsequently provide two homogeneous equations for these two 
constants. The condition that the determinant of the coefficients must vanish then yields the 
equation for the phase velocity of the interface waves. 
Here we will give some results for the case that two materials that are joined by the 
interface are identical. For that case symmetric and antisymmetric interface waves can be 
distinguished, which can be analyzed separately. The deformation of the adhesive for 
symmetric and antisymmetric interface waves is shown in Fig. 4. 
For symmetric interface waves the relevant interface conditions are 
1697 
~ = s2Av and o~x =0 (19a,b) 
The equation for the phase velocity is obtained as 
(20) 
where A is the wavelength of the interface wave. 
For antisymmetric interface waves we have 
(2la,b) 
and 
(22) 
Also 
(23) 
(24a,b) 
In these expressions c1 is the phase velocity of the interface wave and Cr_ and cr are the wave 
speeds of the longitudinal and transverse waves, respectively. It is noted that when S2=0 or 
S1=0, i.e., when there is no adhesion, Eq. (20) or Eq. (22) reduces toR= 0, which is just the 
equation for Rayleigh surface waves along a traction-free surface. 
Figure 5a shows the phase velocity of symmetric interface waves versus the 
dimensionless constant S2A/Jl. For S2A/Jl ~ 3.81 the phase velocity is real-valued and 
increases from the velocity of Rayleigh surface waves to the velocity of transverse waves. 
The curve of clcr for antisymmetric surface waves is shown in Fig. 5b. The phase velocity is 
real-valued for all values of S1NJl, and increases monotonically from the velocity of Rayleigh 
waves to the velocity of transverse waves. 
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Fig. 6. Configuration for antiplane transverse waves. 
The results of Figs. 5a and 5b suggest that interface waves might provide a useful 
method for the determination of the quantities S 1 and S2, which are the slopes of the nonlinear 
relations between interface stresses and displacement discontinuities. To determine S 1 the 
adhesive bond should be prestressed in shear and the velocity of superimposed antisymmetric 
interface waves should be measured. Figure 5b will then yield the corresponding value of S1. 
Similarly, prestressing the adhesive bond in tension and measuring the velocity of 
superimposed symmetric interface waves should give S2 by the use of Fig. 5a. Again, it 
should be noted that the slope of the pertinent curve, whose decreasing magnitude with 
increasing load is indicative of approaching failure, can be obtained directly as a function of 
the external loading. 
Antiplane Transverse Waves 
Antiplane transverse waves have several advantages from a conceptual point of view, 
particularly because they generally do not mode-couple with waves of other polarizations. 
They can be conveniently generated by the use of EMA T transducers. 
The configuration that is being considered here is shown in Fig. 6. The primary state 
of prestress in the adhesive is one of shear. The time-harmonic anti-plane shear waves 
propagate as indicated in Fig. 6. The two adherends may be of different thicknesses h1 and 
h2, different shear moduli Jl1 and Jl2, and different speeds of transverse waves, c 1 and c2. 
The conditions across the adhesive are 
(25a,b) 
where w(x,y) is the spatial form of the antiplane displacement wave. In addition the shear 
tractions vanish on the traction free faces of the adherends. 
at y = h2, at y=-h1, (26a,b) 
The equation which relates the dimensionless frequency to the dimensionless wavenumber can 
be obtained by the usual method. The result is 
(27) 
where 
h - h2 [n.2 ( cl)2 - !'2] I/2 
q2 2- h c, ... (28a,b) 
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Fig. 7. Frequency versus wavenumber for the lowest mode, for three values of S3h/1J.1 
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Fig. 8. Phase velocity versus S3h/1J.1 for the lowest mode, for three values of kh. 
s=kh , (29a,b,c) 
Figure. 7 shows the frequency for the lowest mode. For three specific frequencies, defined 
by values of kh, Fig. 8 shows the phase velocity as a function of the spring constant. 
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